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Abstract

We study discrete panel data methods where unobserved heterogeneity is
revealed in a first step, in environments where population heterogeneity is
not discrete. We focus on two-step grouped fized-effects (GFE) estimators,
where individuals are first classified into groups using kmeans clustering,
and the model is then estimated allowing for group-specific heterogeneity.
Our framework relies on two key properties: heterogeneity is a function
— possibly nonlinear and time-varying — of a low-dimensional continuous
latent type, and informative moments are available for classification. We
illustrate the method in a model of wages and labor market participation,
and in a probit model with time-varying heterogeneity. We derive asymp-
totic expansions of two-step GFE estimators as the number of groups grows
with the two dimensions of the panel. We propose a data-driven rule for

the number of groups, and discuss bias reduction and inference.
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1 Introduction

In both reduced-form and structural work in economics, it is common to model
unobserved heterogeneity as a small number of discrete types. Various estima-
tion strategies are available, including discrete-type random-effects (as in Keane
and Wolpin, 1997, and many other applications) and grouped fixed-effects (as re-
cently studied by Hahn and Moon, 2010, and Bonhomme and Manresa, 2015).
These methods require the researcher to jointly estimate individual heterogene-
ity and model parameters.! In addition, little is known about their properties
when individual heterogeneity is not discrete in the population.? In this paper,
we study two-step discrete estimators for panel data, and provide conditions for
their validity when heterogeneity is continuous.

We focus on two-step grouped fized-effects (GFE) estimators. In a first step,
we classify individuals based on a set of individual-specific moments, using the
kmeans clustering algorithm. The aim of the kmeans classification is to group
together individuals whose latent types are most similar.® In a second step, we
estimate the model by allowing for group-specific heterogeneity. This second step
is similar to fixed-effects (FE) estimation, albeit it involves a smaller number of
parameters that are group-specific instead of individual-specific. We analyze the
properties of these two-step estimators in panel data models where heterogeneity is
continuous. Hence, in contrast with existing theoretical justifications for discrete-
type methods, here we use discrete heterogeneity as a dimension reduction device
rather than as a substantive assumption about population unobservables.

Our approach is targeted to environments with two key properties. First,
unobserved heterogeneity is a function of a low-dimensional latent variable. We
do not restrict this latent type to be discrete. In many economic models, agents’
heterogeneity in preferences or technology is driven by a low-dimensional type,

which enters the model nonlinearly and may affect multiple outcomes. As an

! Also related, nonparametric maximum likelihood methods (e.g., Heckman and Singer, 1984)
rely on joint estimation of the distribution of heterogeneity and the parameters.

2In a network context, Gao et al. (2015) provide results for stochastic blockmodels under
continuous heterogeneity.

3Buchinsky et al. (2005) also propose to group individuals in a first step using kmeans.



example, we study a model of participation in the labor market where the worker’s
utility is a function of her productivity type, which in turn determines her wage.
GFE provides a tool to exploit such nonlinear factor structures.

Second, the first-step moments satisfy an injectivity condition, which requires
any two individuals with the same population moments to have the same type.
The choice of moments is important to ensure good performance. In examples, we
show how suitable moments arise naturally. In models with exogenous covariates,
we propose and analyze the use of conditional moments to recover latent types.

Our setup also covers models where heterogeneity varies over time. Unlike
additive FE methods and interactive FE methods based on linear factor structures
(Bai, 2009), GFE does not require heterogeneity to take an additive or interactive
form. As an illustration, we compare GFE and FE estimators in a probit model
where heterogeneity is a nonlinear function of a time-invariant factor loading and
a time-specific factor.

Our main results are large- N, T" asymptotic expansions of two-step GFE esti-
mators under time-invariant and time-varying continuous heterogeneity. In both
settings, GFE is consistent as the number of groups grows with the sample size,
under conditions that we provide. We find that, when the population heterogene-
ity is not discrete, estimating group membership induces an incidental parameter
bias, similarly to FE methods. Moreover, since discreteness is an approximation
in our setting, GFE is affected by approximation error. We propose a simple data-
driven rule for the number of groups that controls the approximation error, and
discuss how to reduce incidental parameter bias for inference.

The outline of the paper is as follows. We introduce the setup and two-step
GFE estimators in Section 2, study their asymptotic properties in Section 3, and
outline several extensions in Section 4. The main proofs may be found in the

appendix, and the supplemental material contains additional results.

2 Two-step grouped fixed-effects (GFE)

We consider a panel data setup, where we denote outcome variables and exogenous

covariates as Y;=(Y},, ..., Y/) and X;= (X/,, ..., X\r)', respectively, for i=1, ..., N.
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In our theory we cover two models. In the first one, unobserved heterogeneity is

time-invariant. In this case, the conditional log-density of Y; given X is given by:*

T
In fi(evio, o) = Zlﬂ S (Yt | Y1, Xir, cvio, o), (1)
=1

and the log-density of exogenous covariates X; takes the form:

T
In g;(pi9) = Z In g(Xit | Xii—1, fhio)

t=1

where 6 is a vector of common parameters, and a; and p,, are individual-specific
parameters. We leave the form of g unrestricted, and in estimation we will use
a conditional likelihood approach based on f; alone. In other words, in applica-
tions the researcher only needs to specify the parametric form of f;(co, o) in (1).
However, the heterogeneity p;, in covariates plays an important role in our theory.

In the second model, unobserved heterogeneity varies over time. Such variation
in unobservables over calendar time (e.g., business cycle), age (e.g., life cycle),
counties, or markets, is of interest in many applications. In the time-varying case,

log-densities take the form:

T
In fz‘(Oéio, 90) = Z In f(Yit ’ Y;,tfb Xit, o, 90),

t=1
T

In g;(10) = Zlng(Xit | Xit—1, Hiro)

t=1

where ajo = (g, - o) and ;g = (Hi1gs -5 Mipg)’-  In both models we are

interested in estimating 6, as well as average effects depending on a;y, ..., ang-

2.1 Main assumptions

GFE relies on two key assumptions that we now present. We defer the presen-
tation of regularity conditions until Section 3. First, we assume that unobserved

heterogeneity is a function of a low-dimensional vector &,,.

4In models with first-order dependence, we assume that Yjy is observed and we condition
on it. Higher-order dependence can be accommodated similarly. In dynamic settings, Y;; may
contain sequentially exogenous covariates in addition to outcome variables.
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Assumption 1. (heterogeneity)

(a) Time-invariant heterogeneity: There exist &, of fixzed dimension d, and two
Lipschitz-continuous functions a and p, such that oo = (&) and pg = p(&o)-
(b) Time-varying heterogeneity: There exist &, of fized dimension d, Ny of di-
mension dy, and two functions a and p that are Lipschitz-continuous in their first

argument, such that co = (&0, Mo) and pu0 = (€0, Mio)-

We will refer to &, as an individual type, and to d as the dimension of het-
erogeneity. The researcher does not need to know d, «, or p in applications. In
models with time-varying unobserved heterogeneity, Assumption 1 requires unob-
servables to follow a factor structure. The link between a;y, £;; and Ay may be
nonlinear, the linear structure a;o = &M\ (Bai, 2009) being covered as a special
case. Moreover, the dimension of A\ is unrestricted. Our theory will show that
the performance of two-step GFE crucially relies on &, being low-dimensional, a
leading case being d = 1. We provide examples in the next subsection.

Second, we rely on individual-specific moment vectors h; that are informative
about the types &,,. We state this formally as our second main assumption, where

| - || denotes an Euclidean norm.

Assumption 2. (injective moments)

There exist vectors h; of fixed dimension, and a Lipschitz-continuous function o,
such that plimy_, hi = ¢(&y), and %sz\il 1hi — (&) lI? = Op (1/T) as N, T
tend to infinity. Moreover, there exists a Lipschitz-continuous function i such

that fio = 1/’(90(510))

Assumption 2 requires the individual moment vector h; to be informative about
&,0, in the sense that, for large 7', {;, can be uniquely recovered from h;. Neither
¢ nor ¢ (which may depend on 6j) need to be known to the econometrician. In-
tuitively, injectivity guarantees that one can separate the types of two individuals
&o and &,y by comparing their moments h; and hy. For example, an average
h, = %Zthl h(Yy, Xi) will, under Assumption 1 and suitable regularity condi-
tions, converge as T' tends to infinity to a function ¢(&,,) of the type &;,. We

require ¢ to be injective.



The convergence rate in Assumption 2 requires appropriate conditions on the
serial dependence of Y;; and X;;. In models with time-varying heterogeneity, ¢
will also depend on the \;y process. In such models, Assumption 2 requires the
moments to be informative about £,,, and not Ay. Injectivity is a key requirement
for consistency of two-step GFE estimators. More generally, the choice of moments

h; is important for finite-sample performance.

2.2 Examples

To illustrate the framework we now describe two examples, for which we will
provide illustrative simulations in Subsection 2.4. First, consider a dynamic model

of wages W and labor force participation Y;:

Yii = 1{u(oo) > c(Yii—1;60) + Ui},
VV;; = Q4 + ‘/ita (2)
Wi = YvitW{;a

where the wage W}; is only observed when ¢ works, U;; are i.i.d. standard normal,
independent of the past Yj;’s and «;o, and Vj; are i.i.d. independent of all Uj’s,
Yo, and «yp. Here the same scalar expected payoff a;o = &5, unobserved to
the econometrician, drives the wage and the decision to work. Individuals have
common preferences denoted by the utility function u, the cost function c is state-
dependent, and both v and ¢ are unknown to the econometrician.

In this setting, GFE provides a natural approach to exploit the functional link
between «;y and u(ay), and to learn about the type a;o using both wages and
participation. For instance, when h; = (W;,Y;)’, where Z; = %Zle Z; denotes
the individual mean of Z;;, injectivity is satisfied under mild conditions, provided
W, = Y+ o0,(1) and plims_, . Y; > 0.

Fixed-effects (FE) is a possible approach to estimate 6y in (2). However, a con-
ventional FE estimator would treat a;g and w;o = u(cyp) as unrelated parameters,
so the FE estimate of 6, would be solely based on the binary participation deci-
sions. Another strategy would be to rely on discrete-type random-effects methods,

which are typically based on joint estimation. In contrast, we implement GFE in



two steps with no need for iterative estimation, and we justify the estimator in
environments where heterogeneity is not restricted to be discrete.
As a second example, consider the following probit model with time-varying

heterogeneity:

Yi = 1{X[00+ ajo+ Uy >0},
Xt = g + Vit

(3)

where U;; are i.i.d. standard normal, independent of all V;’s, a0’s, and p;,’s, and
Vi¢ are i.i.d. independent of all ay’s and p;,’s. Under Assumption 1, oy and
;o depend on a low-dimensional vector &, of factor loadings, so a0 = a(&;, Awo)
and ;0 = 11(&0, Ao). Here d is the dimension of the type £, governing both
and fi-

To motivate why, in static models with covariates such as (3), ;o and g,
may depend on a common low-dimensional type £,,, suppose that, in every period,
agent ¢ chooses X;; based on expected utility or profit maximization. She observes
&0 and \yg — which enter outcomes through oo — and takes her decision before
the i.i.d. shock Uj; is realized. In such a case, X;; will be a function of £,, and Ay,
as well as idiosyncratic factors V; in the agent’s information set. Here we assume
that the agent’s information set, and primitives such as preferences or costs, do
not include other i-specific elements beyond &,,.°

When «f-, ) is additive or multiplicative in its arguments, model (3) can be
estimated using two-way FE (Ferndndez-Val and Weidner, 2016) or interactive
FE (Bai, 2009, Chen et al., 2020), respectively. However, when «a(-, -) is unknown,
these fixed-effects estimators are inconsistent in general. In contrast, GFE will
remain consistent when unobservables are unknown nonlinear functions of factor
loadings &,, and factors A\, and injectivity holds. Taking h; = (71,7;)’ as mo-
ments in model (3), injectivity is satisfied when types have monotone effects on

the heterogeneity components.® More generally, in Assumption 2 we require that

®This example is reminiscent of Mundlak’s (1961) classic analysis of farm production func-
tions, where soil quality &, is observed to the farmer but latent to the analyst.

6To see this, consider the case where ;0 is the only component of heterogeneity (i.e., y1;,0 = 0
in (3)), and take h; = Y;. Letting G denote the cdf of —(V/,0y + Uy;;), injectivity will hold



the latent type &;, can be asymptotically recovered from a moment vector whose

dimension is not growing with the sample size.

2.3 Estimator

Two-step GFE consists of a classification step and an estimation step.

First step: classification. We rely on the individual-specific moments h; to
learn about the individual types £,,. Specifically, we partition individuals into K
groups, corresponding to group indicators //%Z € {1,..., K} , by computing:

N

(ﬁ(l),...,/ﬁ([(),%,...,/l%N) = argmin Z‘
(A1) h(K) K1k ) =1

2

hi —h(k)|| . ()

where {k;} are partitions of {1,..., N} into K groups, and ﬁ(k) is a vector. Note
that /f\z(k) is simply the mean of h; in group k; = k.

In the kmeans optimization problem (4), the minimum is taken with respect
to all possible partitions {k;}. Fast and stable optimization methods such as
Lloyd’s algorithm are available, although computing a global minimum may be
challenging; see Bonhomme and Manresa (2015) for references. Following the
literature, we will focus on the asymptotic properties of the global minimum and
abstract from optimization error. Lastly, note that the quadratic loss function
in (4) can accommodate weights on different components of h;, although here for

simplicity we present the unweighted case.

Second step: estimation. We maximize the log-likelihood function with re-
spect to common parameters ¢ and group-specific effects a;, where the groups are
given by the ?C\Z estimated in the first step. We define the two-step GFE estimator

as:

(5,&(1), ...,a(K)) = argmax ; ZZl:ln fi <a (752) ,9) : (5)

(0,a(1),...,a(K
Note that, in contrast to fixed-effects (FE) maximum likelihood, this second step

involves a maximization with respect to K group-specific parameters instead of

when «f(-,-) is strictly increasing in its first argument and G is strictly increasing, since then
o(&) = plimy_, o + 23:1 G(a(&, o)) is strictly increasing.



N individual-specific ones. In models with time-varying heterogeneity, a/(k) will

simply be a vector (ay(k)', ..., ar(k)’).

Choice of K. Two-step GFE estimation requires setting a number of groups
K. We propose a simple data-driven selection rule based on the first step. The
convergence rate of the kmeans estimator (and the rate of the GFE estima-
tor) will be governed by two quantities: the kmeans objective function Q(K) =
~ SN h — h(k;)||%, which decreases as K gets larger and the group approxi-
mation becomes more accurate, and the variability V;, = E[||h; — ©(&;0)]|?] of the
moment h;, which does not depend on K. We take the smallest K that guarantees
that @(K) is of the same or lower order as Vj,. That is, letting Vj, = Vj + 0p(1/T),
we suggest setting:

K = min {K L Q(K) < 'yVh}, (6)

K>1
where v € (0,1] is a user-specified parameter.” In the simulations in the next
subsection we will set v = 1, although smaller v values corresponding to larger

K’s will also be supported by our theory.

2.4 Illustrative simulations

To illustrate the performance of GFE in models where heterogeneity follows a
nonlinear factor structure, we present the results of a small-scale simulation study
based on our two examples (2) and (3). In both cases, we assume that the type
&,0 governing heterogeneity is scalar. We compare the bias of GFE to that of FE
and interactive FE estimators. In the supplemental material, we provide details
on the simulations and report additional results.

In Figure 1, we compare GFE and FE in model (2), using a CRRA functional

e (1=m)_1

T— with a risk aversion parameter n € {1,2}. We focus on the

form: u(a) =
difference in costs ¢(0; 6y) —c(1; 0y), which measures the degree of state dependence
in participation decisions. We take h; = (W;,Y;)" as moments for GFE, and report

average parameter estimates over 1000 simulations. We set N=1000 and vary T

"When h; = % Zthl h(Y;:, Xit) and observations are independent over time, one may take
Vi, = ~z SN S (1B(Yit, Xi) — hil|?. With dependent data, one can use trimming or the
bootstrap to estimate Vj, (Hahn and Kuersteiner, 2011, Arellano and Hahn, 2007).



Figure 1: Model (2) of wages and participation

parameter

10 20 30 40 50 10 20 30 40 50
T T

Notes: Means of c(O;@) - c(l;@) over 1000 simulations. GFE s indicated in solid, FE is in
dashed, and the truth c¢(0;0y) — ¢(1;00) = 1 is in dotted. N = 1000, and T is indicated on the

x-axis. n is the risk aversion parameter in u(-). See the supplemental material for details.

between 5 and 50. We find that FE is more biased than GFE for both values of risk
aversion. This is consistent with wages and participation providing informative
moments about the latent type in this setting.

In Figure 2 we compare GFE, FE, and interactive FE in model (3) with X,
scalar, using a CES specification: a0 = (a€yy + (1 — a) fo)%, for c€{-10,0,1,10}
and a=0.5, and p,,0 = au0. The factors Ay and the individual loadings &, enter
heterogeneity in a nonlinear way. We show estimates of 8, for various estimators:
GFE, FE with additive individual and time effects, and interactive FE with a

single multiplicative factor. We use (Y;, X;)" as moments for GFE. Note that both

Figure 2: Probit model (3) with time-varying heterogeneity

o=-10 o=0 o=1 o=10
1.6 1 1
2
O 1.4 A b b
€ .
o N,
8 121 —_ i S~ i \'—-—.__~ i = == =~
1.0 - /,_._.._._.__.......-.-.:-.:.-.-Tw TR L R ETIT — . .
20 40 20 40 20 40 20 40
T T T T

Notes: Means ofg over 1000 simulations. GFE is indicated in solid, FFE is in dashed, interactive
FE is in dash-dotted, and the truth 8y = 1 is in dotted. N = 1000, and T is indicated on the

x-azis. o is the substitution parameter in a(-,-). See the supplemental material for details.
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Y; and X; are informative about ¢, in this data generating process. We report
parameter averages over 1000 simulations, for N=1000. We find that, while GFE,
FE, and interactive FE are all biased, the bias of GFE is smaller across all o

values.®

3 Asymptotic properties
In this section we provide asymptotic expansions for two-step GFE estimators.

Our first result is a rate of convergence for kmeans. Let us define the approzimation

error one would make if one were to discretize the latent types ¢;, directly, as:

‘ 2

€0 — E(K:)

Be(K) = min ) %Z ‘ : (7)

(5(1)77E(K)7k177kN

where, similarly to (4), the minimum is taken with respect to all partitions {k;}
and vectors g(k;) In the asymptotic analysis we let T'= Ty and K = Ky tend to
infinity jointly with N.

Lemma 1. Let Assumption 2 hold. Let h(1), ..., h(K) and ki, ..., ky given by (4).
Then, as N, T, K tend to infinity we have:

% ZN: HE(EJ —¢(&0)

=0, (1) + 0, i),

The bound in Lemma 1 has two terms: an O,(1/T) term that depends on the
number of periods used to construct the moments h;, and an O, (B¢(K)) term
that reflects the presence of an approximation error. The rate at which B¢(K)
tends to zero depends on the dimension of £;,. Graf and Luschgy (2002, Theorem
5.3) provide explicit characterizations in the case where &,, has compact support.”
For example, the following lemma implies that Be(K) = O,(K~?) when &, is

one-dimensional, and B¢(K) = O,(K ') when ¢, is two-dimensional.

8Large-N, T theory implies that additive and interactive FE are consistent when o = 1
and ¢ = 0, respectively. Figure 2 shows that, despite being large-N,T consistent in these
specifications, in our simulations, additive and interactive FE have larger biases than GFE for
the N and T values we consider.

9See Graf and Luschgy (2002, p. 875) for a discussion of the compact support assumption.
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Lemma 2. (Graf and Luschgy, 2002) Let &, be random wvectors with compact

2

support in R%. Then, as N, K tend to infinity we have B¢(K) = O,(K~4).

We now use these results to study the properties of GFE in models with time-
invariant and time-varying heterogeneity, in turn. We use the shorthand notation
Ez(W) and Ez_,(W) for the conditional expectations of W given Z and Z = z,
respectively. In the time-varying case, we denote as \g the process of \y’s, and
as Ey (W) the conditional expectation of W given \g = A\. We use a similar

notation for variances. Finally, ||M|| denotes the spectral norm of a matrix M.

3.1 Time-invariant heterogeneity

To state our first main theorem, where heterogeneity is time-invariant, we make
the following assumptions, where ¢;;(a;,0) = In f(Yie | Yii—1, Xit, i, 0), Ci(a;, 0) =
%Zle Ci(;,0), and @(0,§) = argmax, E¢, —¢(;(a, 0)) for all 6,¢&.

Assumption 3. (reqularity, time-invariant heterogeneity)

(i) (Y!, X!, &, 1Y) are ii.d.; (Y}, X],) are stationary for all i; €y (a, 0) is three

ity

t .10

times differentiable in («, @) for all i,t;'° and the parameter space © for 0

is compact, the space for o,y is compact, and 0y belongs to the interior of ©.
(ii) N, T, K tend jointly to infinity; supg , ¢ [Ee, =¢(li(,0))| = O(1), and sim-
. . . . 2 : «
ilarly for the first three derivatives of {i; infeqp ]Egiozg(—%%—{()a;o)) > 0;
and max; sup, 4 |(i(c, 0) — Ee,, (i(a,0))| = 0, (1), and similarly for the first
three derivatives of £;.
(1i1) infe g ]Egiozg(—%) > 0; E[+ ST (@0, €4, 0)] has a unique maz-
imum at 6y on O, and its matriz of second derivatives i1s —H < 0; and

020;,(@(6.€;
SUPg 7 Doy Sopey | GO |2 = O,,(1).

. 0%0;1(,00)
(iv) supg, || 52 |,z Be,pme (voe Tgaid®) ||, supg , || 2 |

0l (a(0,€),0
subgg |12 ],z Beyme(22E000) | are O(1).

820, (a0
= Ee —¢(vec W)H, and

In part (i) in Assumption 3 we treat heterogeneity as random in order to use

Lemma 2, which requires ;, to be i.i.d. draws from a distribution. However, note

OThat is, Inf(yit|Yit—1,Ti,,0) is three times differentiable in («, ), for almost all
(yihyitflaxit)-
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we do not restrict how «;9 and p,, depend on each other. Moreover, while our
results require asymptotic stationarity of the time-series processes, the theorem
could be extended to allow for nonstationary initial conditions.

In part (ii) we require strict concavity of the log-likelihood as a function of «.
Concavity holds in a number of nonlinear panel data models such as probit and
logit models, tobit, Poisson, or multinomial logit; see Fernandez-Val and Weidner
(2016) and Chen et al. (2020). One can show that Theorem 1 continues to hold
without concavity, under an identification condition and an assumption bounding
the derivatives of the empirical GFE objective function. Importantly, note that
H~! is the asymptotic variance of the FE estimator. As a result, H being positive
definite rules out models that are not identified under FE, such as a linear model
with a time-invariant covariate and a heterogeneous intercept.

In part (iii) we introduce the target log-likelihood = SV ST (@9, €4),6)
(Arellano and Hahn, 2007), which we will show approximates the GFE log-likelihood
in large samples under our assumptions (note that @(fy, £,5)=a;). In part (iv) we
require some moments to be bounded asymptotically.

We now state our first main result, where we denote, evaluating all quantities

at true values (0, a;o) and omitting the dependence from the notation:
1 Oy 0245, 20, \1 " 0ty
o R 1) )R _
s= gD ( 96 o (aeao/) { f( dada’ )| Ba )’ (8)
N T
1 0y
H = plim — E —
e NT;;< 5( 8989’)

N, T—o00
Pl ta 1™ Pl
B (8980/) {E% (_aaao/)] Feo (aaae’) - O

Theorem 1. Let the conditions of Lemmas 1 and 2 and Assumptions 1, 2 and 3

hold. Then, as N, T, K tend to infinity we have:

N
-~ 1 1 2 1
0 = e 30 (7) 10 (67) 0 (i) 0

=1

The first three terms in (10) also appear in large-N, T expansions of FE estima-
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tors (e.g., Hahn and Newey, 2004).'" Similarly to FE, GFE is subject to incidental
parameter O,(1/7") bias. This contrasts with the properties of GFE estimators
under discrete heterogeneity (e.g., Hahn and Moon, 2010, Bonhomme and Man-
resa, 2015). Indeed, when heterogeneity is not restricted to have a small number
of points of support, classification noise affects the properties of second-step es-
timators in general. This motivates using bias reduction techniques for inference
analogous to those used in FE, as we will discuss in the next section.

The O,(K =) term in (10) reflects the approximation error, which depends
on the number of groups. Setting K = K according to (6) guarantees that the

approximation error is O,(1/7"). Formally, we have the following result.

Corollary 1. Let the conditions in Theorem 1 hold. Let K = K given by (6),
with v = O(1). Then, as N, T tend to infinity we have:

N
- 1 1 1
= H'= : — — . 11
0 0o + N;:ls@JrOp( >+op(\/N_> (11)

Under Corollary 1, the biases of FE and GFE have the same order of magni-
tude. However, the required value of K depends on the dimension d of individual
heterogeneity. Specifically, when &, follows a continuous distribution of dimen-
sion d, setting K proportional to or greater than min(T%, N) will ensure that the
approximation error is O,(1/T"). For small d (e.g., when d = 1) this will typically
require a small number of groups (of the order of T%).

GFE can have advantages compared to FE, for two reasons. First, the two-step
method can allow researchers to select moments that are particularly informative
about the unobserved heterogeneity. To provide intuition, consider a setting where
the number of groups is sufficiently large for the approximation error to be of

smaller order compared to 1/T, yet K/N tends to zero. We have the following.

Corollary 2. Let the conditions in Theorem 1 hold. Let K = K given by (0),
with v = o(1). Suppose that K/N tends to zero, and that Assumption A1 in the

Tn the supplemental material we provide a similar expansion for GFE estimators of average
effects My = ﬁ Zf\il Zthl m (X, o, 00), which are functions of both common parameters
and individual heterogeneity.
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appendiz holds. Then the O,(1/T) term in (11) takes the explicit form C/T +
0,(1/T), where:

- H%‘E 5 180)-Ee, @O, )~ 5 18050 @O )| - (12

with @,(0) = argmax, £;(0, a), (0) = Ee, (-~ Z8&CL)0) - ng V|12 = V'QV.

Corollary 2 shows that the first-order asymptotic bias of GFE is the difference
between two terms. The bias is zero when h; is an injective function of £,,; i.e.,
when ¢; = h; —p(&,,) = 0. More generally, the bias can be expanded in ¢;, and it is
small when moments provide accurate estimates of the latent types. Moreover, the
first term on the right-hand side of (12) coincides with the bias of FE (e.g., Arellano
and Hahn, 2007). The form of (12) implies that the biases of FE and GFE are
equal when the moments are the FE estimates h; = @;(6y), however other moment
choices can lead to smaller biases. From this perspective, GFE provides flexibility
to use well-suited proxies of the latent types. As an example, our simulations of
the labor force participation model (2) show that, by jointly exploiting wages and
participation to construct moments that are informative about the latent type,
GFE can have smaller bias than FE (and smaller mean squared error as well, as
shown in the supplemental material).

A second advantage of GFE comes from the use of grouping, and from the
resulting regularization. Indeed, individual FE estimates can be highly variable
whenever the number of parameters per individual is large. In such cases, reduc-
ing the number of parameters through grouping can improve performance. For
instance, the ability to handle multiple components of heterogeneity is central to
the performance of GFE in models with time-varying unobserved heterogeneity.

This is the case we focus on next.

3.2 Time-varying heterogeneity

To state our second main theorem, where heterogeneity is time-varying, we make

the following assumptions, where £;; (o, 0) = In f(Yiy | Vi1, Xit, @i, 0), 40y, 6) =
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T Zthl Cit(0ue,0), and @' (0, &) = argmax, Ee, —¢ yo=a(Cir(r, 0))."”
Assumption 4. (reqularity, time-varying heterogeneity)

(i) (Y!, X!, &, hi) are i.i.d. across i conditional on \o; (Y3, X}, Nyy) are sta-
tionary for all i; €y (o, 0) is three times differentiable, for alli,t; and © and
the space for oo are compact, and 6y belongs to the interior of ©.

(ii) N,T, K tend jointly to infinity; max, sup; o ¢ [Ee,o=exno=2(lit(a, 0))] = O(1),
and similarly for the first three derivatives of {;; the minimum (respectively,
mazimum) eigenvalue of (—%) is bounded away from zero (resp., in-
finity) with probability one, uniformly in i,t,«,0; the third derivatives of
Uir(r, 0) are Oy(1), uniformly in i,t,a,0; and = SN S (o, 0) —
Ee  (Lir(cuing, 00)]? = O,(1), and similarly for the first three derivatives.

€i0,A0 p

. . 20;: (@t (6,6), —

(111) min infe ) g Efio:&/\o:A(_%) > 0; E[7 Sy (@6, 650),0)] has a
unique maximum at 0y on ©, and its matriz of second derivatives is —H < 0;

920, (G (0.8,
and SUPy N7 NT Zz 1Zt 1 H%”Q OP(U'

‘ 020;1 (a0 020; (1,0
(1) 1|2 |z Beyme nomn(vee Zas@ody|| |0 ] - Fe e y,—x(vee Zodedody || and

H%E:EE&O:{ A=A (M)H are O(1), uniformly int, £, X, o, and 6.

Bén 6 agzt 0
( ((6)) (8(6)))

1é)

and Ep,—p ¢,,—e xo=(veC 20 |o are twice

(/U) Ehi:h7£i0:57)\0:
differentiable with respect to h, with first and second dem’vatwes that are uni-

formly bounded int, £, X, h in the support of h; given \g = A, and § € O; and

A (@t (0 Ol (a
(el |

[IVary, —n.¢,=¢ o= )| and [[Varn,—pe, ¢ o= (vec 55|

are O(1), uniformly int, £, \, h, and 6.

In part (ii) in Assumption 4, we impose a stronger concavity condition than
in Assumption 3.'® The other parts are similar to Assumption 3, except part (v)
where we require regularity of certain conditional expectations and variances.

We next state our second main result, where, differently from Theorem 1, s; in
(8) and H in (9) are now evaluated at (0, i), and expectations are conditional

on (&0, Ao)-

12Note that @’ (6,¢,,) depends on the process )¢ in addition to the type &, although we leave
the dependence on \g implicit in the notation. In a static model, @ (6, &,;) is a function of &,, and
A0, while in a dynamic model it also depends on the history of the time effects (Ao, Ai—1,0, ---)-

13Tn particular, we use part (i) in Assumption 4 to establish consistency. Note that this
condition can be restrictive in models with time-varying random coefficients.
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Theorem 2. Let the conditions of Lemmas 1 and 2 and Assumptions 1, 2 and /

hold. Then, as N, T, K tend to infinity such that K/N tends to zero, we have:

) +o, <\/%) . (13)

Theorem 2 shows that GFE is consistent as N, T, K tend to infinity and K/N

[SUIN

o L1 1 K )
0=0+H' =Y si+0, (7] + 0, (5 +op<K
i=1

tends to zero. This requires no parametric assumption about how &, and A\ affect
individual and time heterogeneity, unlike additive or interactive FE methods.

To give intuition, consider the probit model (3) with time-varying unobserv-
ables. Under Assumption 2, in the first step, GFE consistently estimates an injec-
tive function p,; = ¢(§,,) of the type. One can then rewrite the outcome equation
in (3) as Yy = 1{X/,00 + a(¥(p,), Mo) + Uir > 0}, where 1 is the function intro-
duced in Assumption 2, and a0 = a(1(p,0), o) is simply a time-varying function
of ¢,o. In the second step, GFE estimates this function by including group-time
indicators in the probit regression.

As in Theorem 1, the expansion in Theorem 2 features a combination of inci-
dental parameter bias and approximation error. When using the rule (6) for K,
the approximation error is of the same or lower order compared to 1/T. However,
the O,(K/N) term is a new contribution relative to the time-invariant case, which
reflects the estimation of K'T' group-specific parameters using NT' observations.
As an example, when d = 1 and K is chosen of the order of T %, the O, terms
in (13) are O,(1/T + Tz/N).** Although this rate of convergence can be fast
when N is sufficiently large relative to T', it is too slow to apply conventional
bias-reduction methods for inference. In the next section, under the additional
assumption that time heterogeneity A\, is low-dimensional, we describe how to

obtain a faster convergence rate by grouping both individuals and time periods.

UWhen N/T% — 0, one could obtain a faster rate in (13) by choosing another rule for K.
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4 Complements and extensions

4.1 Bias reduction and inference

In models with time-invariant heterogeneity, Corollary 1 can be used to charac-
terize the asymptotic distribution of GFE estimators. However, as in FE, the
presence of the O,(1/T") term in (11) shifts the distribution of 0 away from 6,
whenever T is not large relative to N. A variety of methods are available to bias-
correct FE estimators and construct asymptotically valid confidence intervals; see
Arellano and Hahn (2007) for a review. Consider the setup of Corollary 1, under
the additional assumption that the O,(1/T") term in (11) is equal to C/T+0,(1/T)
for some constant C'. In this case, one can show that half-panel jackknife (Dhaene
and Jochmans, 2015) gives asymptotically valid inference based on GFE as N and
T tend to infinity at the same rate.'” The distribution of the bias-corrected GFE
estimator is then asymptotically normal centered at the truth, and the asymptotic
variance H~' can be consistently estimated by replacing the expectations in (8)
and (9) by group-specific means.

In settings where heterogeneity varies over time, it can be desirable to group
not only individuals as in (4), but also time periods (or alternatively counties
or markets, depending on the application). We now describe such a method,
and discuss its potential for performing inference in models with time-varying
heterogeneity. In the two-way GFE approach, we classify time periods based on
cross-sectional moments w; = % Zf\il w(Yy, Xit), and compute:

2

;o (14)

(W(1),.cc,w(L),l1,e. b

T
(@(1),...,@(L),lAl,...,lAT> = argmin ) ZHwt—@(lt)‘
t=1

where {l;} are partitions of {1,...,T} into L groups. Given the group indicators
E and lAt, we then maximize Zfil Zthl In f(Yi | X, Oé(/k\ij;), 0), with respect to 0

and the K L group-specific parameters «(k, ).

15Tn particular, half-panel jackknife is valid under the conditions of Corollary 2, which requires
taking v = o(1) in our rule (6) for K in order for the approximation error to be of small order.
Deriving primitive conditions for the validity of half-panel jackknife and other bias-reduction
methods for other choices of K is left for future work.
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Two-way GFE estimators can be expanded similarly to Theorem 2, under two
main additional assumptions: the model is static and observations are independent
across ¢ and ¢, and the dimensions d), of time heterogeneity \;g and d of individual
heterogeneity &,, are both small. Then, for s; and H as in Theorem 2, we show in

the supplemental material that:

0=10 +H1iZN:s'+O LR o (K*3+L‘%)+o L
- N&"TP\T N NT) T P\YNT /)"

Suppose d = dy = 1, and K is given by (6) with 7 asymptotically constant, with
an analogous choice for L. Then the O, term in this expansion can be shown
to be O,(1/T + 1/N). We leave to future work the formal study of the validity
of bias reduction methods for inference, such as two-way split panel jackknife

(Ferndndez-Val and Weidner, 2016), as NV and 7" tend to infinity at the same rate.

4.2 GFE with conditional moments

Our theory shows that the dimension d of heterogeneity plays a key role in the
properties of GFE. While models with scalar latent types ,,, such as model (2)
of wages and labor force participation, are not uncommon in economics, many
applications involve conditioning covariates. Under Assumptions 1 and 2, the
moments h; should, asymptotically, be injective functions of all the heterogeneity
coming from both Y; and X;. However, when X; depends on multiple components
of heterogeneity, this might lead to a large dimension d.

We now show that GFE can still perform well under a weaker form of injec-
tivity. Consider the case where Assumption 1 is replaced by a;0 = «(&,,) and
tio = (&0, Vio), where vy is another latent component that affects covariates.
Moreover, instead of requiring injectivity for both £,, and v, let us maintain
Assumption 2, which only requires h; to be injective for &,,. In other words, h;
needs to be directly informative about the unobserved heterogeneity component
&, that appears in the conditional distribution of Y; given X;. We show in the
supplemental material that, under regularity conditions otherwise similar to those

of Corollary 1, the convergence rate of GFE is unaffected by the dimension of v;.
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Specifically, when K = K is given by (6) with v = O(1) (which adapts to the

dimension of &,, and not the one of v;), we have:

6==6,+0, (%) +0, (\/%) (15)

To prove (15) we assume that the rate condition 7°+2 = O(N) holds, where d is
the (small) dimension of &,,.'°

In models with time-varying conditioning covariates, a simple way to target
moments to &, is to construct h; using the conditional distribution of Y; given X;.
To see this, consider a static model f(Yj; | Xy, o, 0o) where X;; has finite support.

In this case, we have under appropriate conditions:

T
thl { t x} ( ¢ t) = EX¢t=I751'0 [h(Y;t’ XZt)l t Op <1) ’

T
thl H{ Xy =} ~
~~ - :W(xvgio)
=hi(x)

where h;(z) is only defined when 3>, 1{X;, = x} # 0, and, importantly, p(z, £,
does not depend on ;4. In the supplemental material we discuss implementation,
and we report simulation results in a probit model with binary covariates. We
find that using conditional moments can enhance the performance of GFE in
such settings. We leave the analysis of conditional moments in the presence of

continuous covariates to future work.

5 Conclusion

In this paper, we analyze some properties of two-step grouped fixed-effects
(GFE) methods in settings where population heterogeneity is not discrete. Our
framework relies on two main assumptions: low-dimensional individual hetero-
geneity, and the availability of moments to approximate the latent types. In many

economic models, individual types are low-dimensional. By taking advantage of

16Tn the supplemental material, we provide an asymptotic expansion for GFE in a linear
homoskedastic model under a small approximation error, as in Corollary 2. The argument
requires no restriction on the relative rates of N and T'. Interestingly, in this case the asymptotic
variances of GFE and FE differ, since the within-group variation in v;y tends to decrease the
variance, yet the expansion features an additional score term compared to Theorem 1.
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this feature, GFE can allow for flexible forms of heterogeneity across individuals
and over time.

GFE methods are of interest in various applied settings. In a previous version
of this paper, we used two-step GFE to estimate a dynamic structural model of
location choice in the spirit of Kennan and Walker (2011), and we analyzed the
performance of the discrete estimator of Bonhomme et al. (2019) for matched
employer-employee data in the presence of continuous firm heterogeneity. Other
potential applications include nonlinear factor models, nonparametric and semi-
parametric panel data models such as quantile regression with individual effects,

and network models.
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APPENDIX

Proof of Lemma 1. Define B ¢ (K) = min(ﬁﬁ{ki})% Zfil lo(€i0) — h(k:)|?,
similarly to (7), and denote: (h,{k;}) = argmin(ﬁ k) SV le(Eo) — h(k:)|2.
By definition of (h, {k;}), we have: SN ||k, — (k) |12 < SN, ||hi — k(K| (al-

most surely). Letting e; = h; — ¢(&,,), we thus have, using the triangle inequality

twice:
1N
N ; H@(fio) — h(k:)

9 N
NZHh—h

Z\ Zuh
ZH&!@(%ZH@(@O — h(k,)| ) Zmu?

=By (¢)(K)

IA
2|

By Assumption 2, %Ef\il leil|> = O,(1/T). In addition, since ¢ is Lipschitz-
continuous, there exists a constant 7 such that ||¢(£) — @ (&)]| < 7]|€" — £]| for all

(&,&'). This implies that By (K) < 72B¢(K), and Lemma 1 follows.
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Proofs of Theorems 1 and 2. It is convenient to use a common notation for

Theorems 1 and 2. Let p denote the number of individual-specific vectors af ,
j € {1,....,p}. In the time-invariant case: p = 1, j = 1, and ag = «;. In the

time-varying case: p =T, j € {1,...,T}, and ag' = . Denote ¢;; = ¢; in the time-
i o 02Uy

invariant case, and {;; = £; in the time-varying case. Let vy; = 5%, vy = 555,
o _ 0% ao 9345 : : : J : J\2 ;
Vi = geadrs and vt = oo (which is a dimagy X (dim agy)® matrix). Let,

forall 0 € ©, j € {1,....,p}, and k € {1,..., K}, &’ (k,0)=argmax, S~ 1{k; =
k};; (o,0). Likewise, denote @’ (0, §)=argmax K¢, —¢ro=r(ij(c,0)). We will in-
dex expectations by &;, and )y, although the conditioning on Ay is not needed
in the time-invariant case of Theorem 1. Finally, let § = % + K~ in the time-
invariant case, and let § = % + % + K7 in the time-varying case.

To show consistency of 5, we first establish the next technical lemma (see the

supplemental material for the proof):

Lemma A1l. Under the conditions of either Theorem 1 or Theorem 2 we have:

N p
1 N
S [FE0 w00 =00, weo.
= 1] 1
su o ( kl,ﬁ —a’(0,¢; =0 A2
eeng““ 10,60 =01, (42

From (A2) we then verify using a Taylor expansion that:

sup = 0,(1).

0c®

NPZZEU<AJI€Z,0 ) ZZ&J (0,€,0) ,0)

i=1 j=1 11]1

Consistency of 0 then follows by standard arguments.

Next, the two key steps in the proof consist in showing the following two ex-

pansions:
0l;(@a kl,eo 0)) 1 e D .
~ LYy — 2D | b (@ (0,60).0) 10, (3) (A3)
b= Pia = 0o
1 L &2 R |
N_pzz 9000’ ( ij <oﬂ(k’z’,9),9> —gz‘j (53(8,§i0),9)) = op(l), (A4)
i=1 j=1
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To show (A3), we show the following technical lemma, where we omit refer-

ences to the evaluation points 0y and o, for conciseness:

Lemma A2. Under the conditions of either Theorem 1 or Theorem 2 we have:

ZZ oo (0) [Begno (v5)] "0 (87 (Ri,00) — oy + (05) "0 ) = O,0),

=1 j=1

1 L& _ ) R |

Ny 2 (v (o) ™" ~Eena (1)) B (v5)]7") v (&7 (R, 00) —ady ) =0,(0).
i=1 j=1

Now, expanding ve-(&j@“ 00),00) around @ (6, £;y)=crly, and using the identity
oa’ (00,¢; a\1-1 ! ..
—(BO = [Efzo o ( ”)} E'ﬁiOv)‘O (Ufj) , We obtain:

ol (a kZ,H ), 60)
szz i : 0__2239

=1 j5=1 =1 j5=1

1 i p { ( (s, 00)— ;0) ey (00) [Eegno (0] %}+0 (8,

’Lljl

7(0,&59),0)

and summing the two parts in Lemma A2 shows that the last expression is O,(6).

It follows that (A3) is satisfied.

To show (A4), we show the next technical lemma:

Lemma A3. Under the conditions of either Theorem 1 or Theorem 2 we have:

1 [0 (i, 80) 05 (80, 60) || A
Zzljzl 89/ 89/ _Op(1>' ( 5)

Using (Al) and the identity %: [Ec. 00 (—vf‘j)]fl Ee. 2 (vfj)/, we thus

have, under the conditions of either Theorem 1 or 2:

—gf ( (k. 6). ) szzaeae’

B 1 0 aaj(a,eo) aa](eoyéio) _
= N» Z (o < By — 90’ + 0p (1) = Op(1>7

1] (07 51’0)7 Q)

where we have used Lemma A3 in the last equality.
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Finally, to show Theorems 1 and 2 we expand the GFE score as:

1 i TG kl,eo (o
o6’

lel

1 s 00 (8 (K, 0),0)\ [+ B
aN_pZleZl T (0-60) =0,

where 0 lies between 6, and 8, and further expand -2 2 i SV W

around 6, using that 6 is consistent. Lastly, we use (A3) and (A4), and note that,

if £;(0) = l Tl (@ (@ (0,&,),0) denotes the individual target log-likelihood,

ae (90) 9 21(90))'

then s; = and H = plimy T—oo N 27, 1 E&o Ao( 5006’

Proof of Corollary 1. By the triangle inequality: + SN 7 (k) — @(€,0)|I2 <

2Q(K) + O,(#) = Oy(7). The proof of Theorem 1 is then unchanged, simply

redefining d=1/T (since heterogeneity is time-invariant here). This shows (11).

Proof of Corollary 2. To prove Corollary 2, we follow a likelihood approach

(see Arellano and Hahn, 2007). Consider the difference between the GFE and FE
profile log-likelihoods: AL(0) = L SN v,(a(k;,0),0) — + SN, 0:(@,(6),0).

82&(&1'(90),90) ~ 82&'(&1(00),90) ~—1

Assumption Al. (reqularity) Let W; = —=—"5527=>, and g; = ~— 555 P

(i) lit(, 0) is four times differentiable, and its fourth derivatives satisfy similar
properties to the first three.

(ii) y(h)={Ep,=n (0;)} " Ep=n (@;03(00)) and A(h)=Ep—p (i@;) {En,=n (@)}
are Lipschitz-continuous in h; and Varp,—p, (w;(a;(00) — v(hy))) = O(%) and
Varg, -, (9 — MR:))w;) = O(5), uniformly in h.

Lemma A4. Let the conditions of Corollary 2 hold, and let v;(0)=a;(0)—E, (a;(0)).
We have:

91 Anp=—2

00 la, LN Z 0)Ee,, [—vi" (@(0,£4),0)] vi(0) +op (%) . (A6)

=1

N i @0, £0),0)] = Ll an Tili Vi(0) Ee, [vf (@(8, &), OIDi(6) + 0,(7),
where 7;(6) = @;(0) — E¢,, (2i(6)); see, e.g., Arellano and Hahn (2007).

Corollary 2 follows, since the bias of the FE score is: %‘90 % SN 0(@(6),0) —
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SUPPLEMENTAL MATERIAL
“Discretizing Unobserved Heterogeneity”

S1 Proofs of technical lemmas

Lemma Al. From Assumption 3 (ii)-(iv) or 4 (iii)-(iv), both 8ag§f£) and

a7 (6,8)
ag’

al(k,0) = (0, (h(k))). We thus have, using Lemmas 1 and 2:

are uniformly bounded (in probability in the time-varying case). Let

1 2

sup—
fcO IND ij

( Z e H2> =0y(9)- (S1)

a (0,0 (h(k;)))—a (0, ¥(2(E0)))

o (ki, 0)~a (6, ézo\ —SHP—Z’

9co Np

Let 0 € ©. Expanding: 3, £;(a? (k. 0),0) < 37, 6@ (k;,0),6) to second

order around @ (6, &), and using:
max;,; sup(ag) [[5(c, )| = Op(1), (52)

we have, for some a;;(6) between af'@-, 6) and o’ (0, &,):

!/

e S (@ 0) ~ @ (0.60)) 083 (0, (0). 0)) (2 (R ) @ (0.4

2Np -
1 A P .
< p 2 Ul 0,60, 0 (37 0) — @ (£.0)) + 0,(6)
L o (e .A
- ;jvj(ki, 0y (a(k.0) — ' (..0)) + 0,9) (s3)

where U;(k, ) denotes the mean over i of v;;(a?(6,&,),0) in group k; = k, and the
O,(9) terms are uniform in 6 by (S1).

Now, by Assumption 3 (ii) or 4 (ii) there exists a constant ¢ > 0 such that:
min; ; inf , ¢y mineig [—vf‘j(a, 9)} > c+0,(1), (S4)

where mineig(M) is the minimum eigenvalue of M. Let A = NLp D i 167 (k:, ) —
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a?(0,&,0)]I*. By (S3) and the Cauchy Schwarz inequality, we have:

1

A<o0, (Ni || H) (Nip%:Haj(Em‘“‘j@"))H2>2 +0,(9).

2y)

~

By (S1) and the triangle inequality: (sz ||a (k:,0) — a? (K, 0)||2)2 < A2 +
O (5 ). Hence: A =0, {( =i 1175( kl,e | > ( Az + )} + O,(0), which
implies:

( ZH% ki, 0) ||2> (S5)

We are now going to show that, for all § € ©:

1
Wi

~

@j(ki,e)HQ —0,(5). (36)

Using (S5) and (S6) will then imply (A1). Under the conditions of Theorem 1, it is
easy to see that (S6) holds. We are now going to show (S6) under the conditions of
Theorem 2. Let, for all j,0,h,&, A: p;(h,§,A,0) = Epimh,¢ 0= 2022 (03 (@ (0,€),0)),
and, for all 7, j, 0: (;;(0) = vj; (@(0,&,), 0)—p;(hi; &, Mo, 0). By Assumption 4 (v),
and letting h; = ¢(&;0) +&;, we can expand p;(hi, §;9, Ao, ) twice around () as:

. . . 2 .
P (©(€i0)s Eios Ao, ) + apj(so(g’gi’,&o’AO ) €+ 3¢ /%q, where al, lies between

h; and ¢(§;y). Hence, taking expectations, using that E¢, x, [pj(hi, &0 X0, 0)] =0,

2 1
+0p T 3

which is O,(#). Hence: Z” 10, (hi, Eigs Mo, 0)||? = Op(7). Tt thus follows from

and using Assumptions 2 and 4 (v), we have:

8'01'(90(5@'0)7 Eios Moy 0)
on

—Zup] 1) E100 Mo, >||2=Nip2

1,

Efi()»)\O [51]

the triangle inequality that:
S 5 O <0, (2 ) + = ST )l (S7)
Np - g\, — Yp T Np — g\ )

where Zj(k,G) denotes the mean of (;;(¢) in group k = k. Now, using that
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k1, ..., ky are functions of hq, ..., hy, we have:

E

1 o~
N—pZ ||<j<ki,e>||2]

1
:N_p%:E

> Lk = k)

Furthermore, since observations are independent across ¢ given \g:

— ]Ehilvgil,o)‘() (gily‘j(e))/Ehigvé_inO’)\o (Qim-(ﬁ)) =0 for all i; # iy and j.

Hence:

E

L = (T 2| _ L Zz 1{Ei:k}]Ehi,£io«\o (Cij(e)léij(e))
vy 2 GO ] : NP%:E[ Si1{k = k) ]

Finally, using that B, ¢, 5, (¢;;(0)) = 0, and using part (v) in Assumption 4:

En,=h.g0=¢.20=2 (Cij(e)lgij(e)) =Tr [Varhz':h,&io:é«\o:A(Uij(aj(9: i) 9))} =0(1),

uniformly in h,&, A\.' This implies that E [Nip > i HZJ(//%@,H)]P} = 0 (%), and
shows (S6) and (A1).

We are now going to show:
sup ~— > [[7;(ki, 0)[* = 0, (1). (S8)

Using a bounding argument similar to the one we used to show (A1), (A2) will
then follow. To see that (S8) holds, let Z(0) = 332, ; [7; (s, 0)]|2. By (S6),
Z(0) = O,(0) for all § € ©. Moreover: 220 = Z 5~ %(k; 0)7;(k:,0) =
0, ( SUDpeo £ (9)) uniformly in 6, using the Cauchy Schwarz inequality with ei-

ther Assumption 3 (ii) or 4 (ii), where 79 (k, 6) is the mean of 2 oz Vi ([@(0,&;),0)

!Note that the dimension of v;; is fixed throughout, independent of the sample size.
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in group k; = k. Since © is compact, it follows that Supgee Z(0) = 0,(1).

Lemma A2. Let us omit references to 6y and o, throughout, and let:

1 e .
A= Np ZZEgi()?)‘O (Ufj) [Efiov)‘o (’Ug)} 1 2 ( (k“eo) 10 + (U%)_lvij> ’

=1 j=1
Ly a 1\ o (50t j
B =333 (05 05) " e () [Bew, ()] ) o5 (st —as).
=1 j=1

We first bound A. Expanding: ), I{Ei:k}vij(aj(k:))zo for all k&, j, we have,

J 7T,
for a;; between «, and o’ (k;):

i

+5 2 Mk = ke e (@) — o) @ (@ (Ri) = o) = 0.

It follows that &’ (/k?z) = q (/k\;,) + 7, (/k\:z) + w; (?C\Z), where:

a;(k) = <Z ki = k}(~ ) < > 1k Zk}(—v?j)afo>,

(k) = (Z 1{k; = k}(— ) > 1{ki = k;}vij> :
@ (k) = % (Z 1{k; = k}(—%)> (Z 1{k; = k}v2®(ai;) (aa‘@i) - O%)@) |

where a®? = a ® a. Hence, we have:

1 _ o~ o~ —~
A:N_p Z]Efio7/\0 (Ulej) []Efio’/\o (Ug)] lvij (wj(kl)+a](kl) 20+U](k) ( 1]) LU’U) :
i,J

2Let v > 0,€e > 0. There is M > 0 such that Pr (Sup9€@ H 92(5) H > My/supgyco Z(O)) < 5.
Take a finite cover of © = B; U ... U Bg, where B, are balls Wlth centers 6, and diameters
diam B, < 5-\/v. Since: supyce Z(0) < max, Z(0,) + supy Haz(e

v = a—+/ai\/v > ¥, we have: Pr(supyee Z(0) >v) < § + Pr(max, Z(6,) > %), which, by
(S6), is smaller than € for N, T, K large enough.

H 537 VU, and since: a >
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Note first that:

1 e s 1 P
Np ~ Ee.0.0 (“fy) [Ee,on0 (v57)] 1 U?jwj(ki)ZOp(N—p ; 187 (ki) —ady||?) = O,(6),

where we have used (S2), (A1), and either Assumption 3 (ii) or Assumption 4 (ii).

Next, let 2;(&0) = Ee,no (05) [Eeno (v%)}_l. We have:

: aN1-1 o ([~ /T .
W 2w () B (5] 45 (SR — )
1 o~/ o~ '
RE Zg (Zj(f’“)/ -5 (k) ) oy (8,(R) — o). (S9)
where, for all &, 5:

zj(k) = (Z 1{k; = k‘}(—vf})> (Z 1{k; = k}(—vf})zj(&o)> - (S10)

2

2

~ N N A

Now we have, using that: o/ — . (aj(ki) — af[)) (—vg) (aj(k:i) — 040) is mini-
mized at o/ = &;, and using (S2) and (S4):

(ki) —

Wy RGOSR

o, (Nipz (aj(zi)_ag())' (—vg) (aj(Ei)—af())) =0, (Nipz;‘

i?j

o (ki) —ory

)

where the last expression is O,(d) by (Al). Likewise, since by Assumption 3 (iv)

or 4 (iv) 222@) is hounded (in probability) uniformly in j and &, we have:

o¢’
= 250zt =0, (Nipz(z@ 5(60)) (03 (5 zj@io)))
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where we have used (52), (S4), Lemmas 1 and 2, and that 1) is Lipschitz-continuous.

Combining results, and using the Cauchy Schwarz inequality in (59), we obtain:
1 a1t o (~ /T j
3y 2 B (0) [Bego (05)] 0y (5(R) — o) = 0409)
2
The last term in A is:

1 . . . L
Az = N_p ~ EEiO,Ao (Ufj) [Egio,)\o (Uij)} 1(_Uij) ((_Uz‘j) lvz‘j . Uj(’%)) ‘

Since 7;(k) = (3, 1{ki = k}(—v2)) "1, 1{ki = k}(—v2) (—vg) " vyy), we have:

A= 2 (63 (R) ) (o) = 2 (6= (5) )
1

52 (w6 = 5 (R) ) o+ 5 3 (5 (8) -5 (3) )ur o2

where z; (k) is given by (S10), and:

z; (k)= <Z 1{ki=k}Ee ., (—Uf})> (Z 1{ki=k}Ee, ., (—05) Zj(fw)) :

7 i

(S13)

Under the conditions of Theorem 1, it is easy to see that A3 = O,(J). We are
now going to show that A; = O,(d) under the conditions of Theorem 2. To see
that the first term on the right-hand-side of (S12) is O,(d), we use an argument
similar to the one we used to show (56). Let (;; = vy — Ep, ¢,.2,(vij). Following

the same steps as the ones leading to (S7), we obtain:

1 1
N_p ; HEhi,ﬁio,Ao (Uij>H2 =0, (T) . (S14)

Moreover, by an argument similar to (S11), since E¢, »,(—vf;) is bounded away
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from zero with probability one, we have:

1

) = 0,(6). (S15)

Let 2" = (2,...,2,), and 2*(k)" = (27(k)’, ..., 2;(k)"). Since (;; are independent

0y Zp

across ¢, with zero mean, conditional on hy, ..., hn, &g, ---, N, Ao, We thus have,

denoting ¢; = ((fy, -, Cp):

‘Nip ; (Zj(fio)l_z; (@/) Cig
“0(5)+ e [(47 () ) Bssn i (= ()
) (%) +0 <%) = 0(6%),

where we have used, in turn, the triangle and Cauchy Schwarz inequalities, (S14),

Zj (510)_2; <Ez>

2
+2E

(S15), conditional independence of the (; across i, part (v) in Assumption 4, and

(S15) one more time. Note that, by part (v) in Assumption 4, [[Ep, ¢, 1, (GG | <
Tr Ehiaﬁio)‘o [(zC;] < pmax; Tr Ehi;&g%o [Cz](;]} - Op(pQ/T)'

Turning to the second term in (S12), we have:

GO 50 ST (5605 6))o )

where by (S6) we have: NLP > [7;(k:)||2 = O,(8). Moreover:

i?j

2

2
=

‘ 2

Zj(fio)_z; (Ez>
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where the second term on the right-hand side is O,(§) due to (S11), and the first
term is O,(0) due to (S15). This shows that A5 = O,(6), hence that A = O,(9).

Let us now turn to B. Letting: 7}, = vfj (v?j)_l —Ee, 0 (v ( Zj) [E@O o ( i)]_l,

we have:
1 a [~ /1 ~ o~ .
Np > (wj(ki) + (k) + &, (k;) — O%) ,
i?j
First, we have: NLp szvzng (k‘ ) = O,(9). Next, we have: Nip Wz]UZ]UJ(k ) =

NLp D 7Nrj(/k? ) S vj(k: ), where 7;(k) is defined similarly to a;(k). To see that this
quantity is O,(9), note that, by the definition of v;(k) and using (S4) and (S6):

1 ~ 2 1 _ o~ 12
Np & Uik =0p | 77, R vi(ki)|| | = Op(9)-
Moreover, letting 7,; = m};vs:, we have:
1 o~ |2 1 o~ 2
N_p ; ‘ Wj(k?i) :Op (N_p = Tj(k?i) ) .

Now, the 7;; are independent across ¢, with zero conditional mean given £y, Ao:

Efiov\o (W;jviaj) = Efio’/\ﬂ ((Ufj (U%)_l B Efio,/\o ( ”) []Eglo Ao ( Z])]_1> ’U%) =0

Using an argument similar to the one we used to show (S6), and using Assumption
4 (v) in the time-varying case, it thus follows that =i H%J(E)HQ = 0,(9).
Hence, by the Cauchy Schwarz inequality: Np > i T V50 (ki) = 0,(9).

We lastly bound the third term Bs in B:

¥ Z%% (@ k) - a‘g) - ZWJW [ (o) —ady) + (@, (ko) —aj (k)]

where a;(k) and o (k) are given by expressions similar to (S10) and (S13), with
ol in place of z;(€,) in those formulas. The first term is O,(6) since, similarly

o (S15): NLp D ||a;(7<:\z) —ay|I> = 0,(5), and the 7,; = m;;v5; are conditionally
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independent across ¢ with zero mean given &, and A\ (using a similar argument

to the first term in (S12)). The second term is:

Nip ZW;jU?j (ay@z) — Oéj@z)) = Nip Z?r](/k?z)/vfj“ (&](E,) — aj(?%ﬂ) )
i,

We have already shown that: Nip >ij I (EZ)H2 = 0,(9). Moreover, using similar
arguments to the ones we used to bound Nip > i sz*(%l) - %}(7{1)“2 above, we
have: NLPZM ||aj(%i) - oz;"(/k\;z)u2 = 0,(9). This shows that Bs = O,(J), hence

that B = 0,(6).

Lemma A3. For given k, j, f-differentiating: >, 1{%:16}%(&]’(1@, 6),0)=0, and
using (S4), we obtain:

%: (Z 1{%, k}( o <’\J(k;“0) (9))) ;1@:’“}@% (aj@,,g)?@)’_
(S16)

Let us define, at 6 = 6, (and omitting 6y and a7, from the notation):

% = <Z 1{75@:/{}(—1)3)) Z 1{751':]6}('0%)’,

7 7

aag‘e(/k)=<zl{%=k}(—vg)) > {k=k} (o) [Eepn0(— (;)]*1E§io,AO(U§j):,

1 v

)

Using (A1) and (S4), we have: 737, ||aa;9(,gi) — 8%5@

= 0, (1). Moreover:

. . ~ -1 ~

0o’ (k) oal(k) (X Hki=k}H—v5) > Wki=k});
oo o > 1{k=k} > u{k=k} )

where 7}, =(vl;) —(—vg) [Ee, a0 (—0%)] - Ee,x (vf;) are conditionally independent

across 4, with zero mean given &, and )\¢. Hence, using (S4), and a similar argu-

ment to the one we used to show (S6), we have: Nip >l 6%(55 i) Mge, 1> =0, (1).
Lastly, using (S4) we have, as in (S11): x>, /|| 6“59(,’”) — 60‘;9,10) > =0, (1). Com-

bining results shows (A5).
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Lemma A4. In the following we again evaluate all functions at 6y, and omit
0y for the notation. In particular, @; is a shorthand for @;(f). We will use the

notation @; = —v®(@;). The choice of K = K with v = o(1) implies that:

NZuh R =0 () (517

We also have: L 37, [[a(k;) — @il|> = O, (£). Let, for all k:
-1
a(k) = (Z 1{@:@@) > " 1{ki=k}wia;. (S18)

Expanding: ), 1{%i:k}vi(&(k)) = 0 around @;, using that v;(a;) = 0, we obtain:

a(k):a(k)% 21@:1@@] > 1{ki=k e (ai(k)) (a@-)—ai)m,

i

i

where a;(k) lies between @; and a/(k), and v$*(a;(k)) is a matrix of third derivatives
with (dim ap)? columns.

To see that (A6) holds, we rely on the following decomposition:

0

GAL(Q) Nzag—__zaé ;)
_ %;Uf@i) <a(%@) _ ai> + % vao‘(ai) (@(//%Z) - ai>®2
)

:% i o @) (a(k) - @) +LN§Z:U§@( ) (a@)—az)@ﬂp (T)
gy @) (B, 7)) B, |17 (w0 ) (3R ) )
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where a; and ai(/l%i) lie between @; and @(E), and E, denotes a mean in group
/k?i = k. Let v(h) = {Ep.—p (@;)} ' Ep,—p, (0;05), and v; = a; — v(h;). Let g; =
V2 (@) (W)Y, Mh) = Ep,—p (G:0;) {Ep,—n (05)} Y, and 7; = g — A(h;)". Using (S17)
we can show, using that v is Lipschitz-continuous, that & >, [[v(h) — (k)| =
Op ( ) Moreover, we have: E [w;v; | by, ..., hy] =Ep, [W;0;] — Ep,, [w;0;] =0. Similar
Iz, [@ove] I = Op(£5)=0, (4).
Hence: + >, 17(k;)|2 = % 20 I (B, [@"])_1EE [@yvi] | = 0, (%). Likewise, we
have: 4 0, A () — MBI = 0p (1), and: £ 3 IFE)IP = o, (2)

Let us now expand the three terms A;, Ay, A3 in the above decomposition:

arguments to the proof of Lemma A1 give: % >

)

- % ZEg () 77 + 0, (7).
ZE% (o)) [Beyy (~0 ()] ™ Bey [10° ()] vE2 + 0, <T>

Combining, we get:

1
" =—— Z TiEe. (—vi(cio))vi + 0p <T)

+§Z[Eg (00 (o)) +Ee, (08 (0)) [Fey (—08 ()] " By [08° ()] ] 02

0

00

3Here 5(k), A(k), U(k), and 7(k) are defined similarly to &(k) in (S18), with v(h;), A(hs), vs,
and 7;, respectively, replacing @; in that formula.
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Now, 8a§é€°) = 7., and:
gy%V%Ef[ 02 (@(6.64).0)]

(Efo( “(w0)) + Ee,, (o (00)) [Eeo (=0 (a0))] " Ee, [”?a(ai°>]>/‘

Let w; = {Ey, (w;)} ~'w;, and ;(0) = &;(0) — Ep, (w;a;(6)). Combining the above

with the expression of the bias of the FE score, we obtain:

0 0
| ALO)= — =
a0 1o, (6) 00

90% Z i(0) Ee,, [—v2 (@(0, &), 0)] 54(0)+o, <%> . (S19)

Lastly, let @;(0) = Ep, (@;(0)) +vi(0), and w; = Ey, (w;) +n; = 14+ n,. We have:
v;(0) = vi(0) — Ey, (n;v:(0)), from which it follows that: + >, [|[7:(00) — vi(60)||* =
0, (1/T). Likewise: &>, (%ol _ 0ulo)y2 — , (1/T). Hence, (S19) implies
(AG).

S2 Complements and extensions

S2.1 Average effects

Let m;(cy,0) = %Z;‘lem (Xit, i, 0) in the time-invariant case, and m;(q;,0) =
%Z; m (X, ai,0) in the time-varying case. Let M = < >oim; ( (k:), «9) be
the GFE estimator of M, = % > mi (ajo,6p). We use a common notation as in
the proofs of Theorems 1 and 2, and denote m;;(al,0) = m;(a;, ) in the time-

invariant case, and my;(al, 0) = m (X, ait, 0) in the time-varying case.

Assumption S1. (average effects)

(1) mj(a, ) is twice differentiable in both its arguments, for all i, j.

(i4) max; ;sup, g [|[m(c, 0)|| = Oy(1), and similarly for the first two derivatives
om; (a0 .
of myy: masx; supg ||z Beyeroma (PG| = O(1); and, letting
om;;i(ad,,0 omi;i (a0
= ) R [P o 05 (0. 00)] (0. Bo). the func-

tion En,=n.¢,y=ero=A(Vec T) ids twice differentiable with respect to h, with
first and second derivatives that are uniformly bounded in j, &, A\, and h,

and || Vary,—p.¢, =e xo=r(vec 73| = O(%), uniformly in j, §, A, and h.
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Let s; and H as in Theorem 1 or 2, and let 5 = % > Si. Define:

1 om,, Pty \] 0ty Omis ) i
s :g j {]Efi()7>‘0 (T«/j) |:E§i0,)\o (_aaa;,)] 804] ‘|‘E§i0,)\o ( 89/J> H 18

omi; 05 1™ Ol \ i
+Ef¢07)\0 (le) |:E§¢07)‘0 (_8CY6C]Y/):| Efi()»)\o (a&aé/) H 15}.

Corollary S1. Let the conditions of Theorem 1 or 2 hold, and let Assumption S1

hold. Then, as N, T, K tend to infinity such that Kp/(NT) tends to zero:

— 1 m 1 Kp _2 1

7

Proof. We have, by a Taylor expansion:

]/\4\— M() = Nip Zmij <a](/k‘\“/é),§> — NLp Zmi]’ (O!go,90>
1,5 i

1= 0mi (,00) /i~ = i\ 1 = Omy (ady, 00) [+
:N_p Z W (a](/{i,e)—ago) —|—N—p Z W (9_90> +Op (5)7

i3 i,J

where ¢ is defined as in the proofs of Theorems 1 and 2.

Using similar arguments to the ones we used to establish Lemma A2, under

Assumption S1 we have (recall that @’ (6, ;) = ay):

1 (9mz Oéz ,9 i~ .
N ; % (aj(kh 90) —a’ (607 510))
8mij (Oégo, 90)

1 I
+ Ny ;ng,m [ e Ee,x0 [055(ad, 00)]  vij (g, o) = Op(6).

Moreover, using (A5) and Assumption S1 we obtain:

NLp 3 87”J(§+j0‘90> {(@0.0) - a@.0)) — (& ki 00) — @ (00, 0) ) |
1,J

— 0y (8= 6oll) + 0,(0) = 0, (W) +0,(9).
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Combining, we obtain:

M— My = — WA TH)
0 Np v oo’

1 Omi (agoﬁo) ~i (T j 1 Omi (O‘go’eo) )
b T 316, ) 50 0,

1,J

(& (k..0) - & (.. 60))

- 1 amij (Ckgo,eo) Y .

=Ny %: B YV E— <a3(9,5w) - aj<90>€i0)>
1 8mij (Oézo, 90)

* 7 2 B [T

1 8mij (Oégo, 90) ~ 1

Z’Mj

E&m)\o [_Uij (afo, QO)] Vij (O‘g()a 90)

The result comes from expanding o’ (5, &,0) around 6y, and then substituting

(= 0o by its influence function. &

S2.2 Two-way GFE

We have the following lemma, whose proof is analogous to that of Lemma 1.

Lemma S1. Suppose that there exist random vectors h; = 73, h(Yi, Xi) and
wy = % > w(Yi, Xip), with fived dimensions, and Lipschitz-continuous functions
o and 6, such that by = () + 0p(1), 5 I — $(E€I = Op (T, we =
d(Mo) + 0p(1), and 737, [lwy — d(Aw)||*> = O, (1/N) as N,T tend to infinity.
Then we have, as N,T,K tend to infinity: ~ >, h(k;) — o(€)|1? = 0, (%) +
O, (B¢(K)), and, as N, T, L tend to infinity: 7, 1@(0) — d(Mo)lI? = O, (%) +
O, (BA(L)), where By(L) is defined analogously to Be(K).

For all 0, &, and A, let @(0,&, \) = argmax, E¢, —¢ y,0=x(lie(a, 0)). In addition,
let &, = (f/ma ---7&\]0)/-

Assumption S2. (regularity, two-way)

(i) (Yo, X)), i=1,.,N,t=1,...,T, are i.i.d. given &, and Xy, &, are i.i.d.,

and Ao are i.i.d.; Uy (a, 0) is three times differentiable in (0, «); © is compact,

the spaces for €,y and Ao are compact, and 0y belongs to the interior of ©.
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(ii) N,T,K,L tend jointly to infinity; sup  o¢ B¢, —ero=n(lit(c, 0))| = O(1),
and similarly for the first three derivatives of £y ; the minimum (resp., maz-
imum) eigenvalue of (—%) is bounded away from zero (resp., infinity)
with probability one uniformly ini,t, «, 6, and the third derivatives of £;;(cv,0)
are Op(1), uniformly ini,t, o, 6; ﬁ Zi,twit(aitoa 00) —Ee,) 2o (Lit(ivo, 00)))% =
O,(1), and similarly for the first three derivatives of .

.. . 2 t —

(iii) infe g Be,—e n0on(— TS CEND) > 0 R [ﬁ D éit(a(‘gain?/\tO)a‘g)] has
a unique maximum at 6y on ©, and its second derivative is —H < 0.

. 0205 (0,0 X 0L (a,0 i
(i) 2z Eegme somn(vee T8 =0 (1); 2o |5 B, me a0mn(vee Zasfo)=0(1),

000c
%04 (cr,0 . 024t (a0 .
2 |z Beyme nomn (veo Zpuf) =0 (1); 5|5 Be— rom (vee THaee)=O(1);
Ol (@(0,6\ , Oli(@(0,6,0),0) \ _
2 [Ee =g romr (FUEGENI —O(1); 52 |5 Be, = g (FUEGE2E) —O(1),
uniformly in &, E, A, )\, a, .
Oy (@(0.,6,0),0 0L (@(0.60),0
(v) Ehi:h,giozg,wt:w,)\w:)\(%); Ehi:h,fi():f,’wt:’w,)\to:)\(Vec% 90%

are twice differentiable with respect to h and w, with first and second deriva-

tives that are uniformly bounded in h € H, w € W, &, X\, and 0 € O, where H

and W are the supports of h; and wy; [|[Vary,—p.e, —¢w—w, )\tO:,\(M)H

G, M)H are O( ), uniformly in

and \]Varhi:hﬁw:&wt:w,)\w:,\(Vec 20

h, w, &, A, 0.

0o

Theorem S1.  Let the conditions in Lemma S1 hold. Suppose that Be(K) =
Op(K_%) and By(L) = Op(L_%). Suppose that o and p are Lipschitz-continuous
in both arguments, and that there exist two Lipschitz-continuous functions 1 and
¥ such that £y = V¥ (p(&;0)) and Ay = ¥(Pp(Aw)). Lastly, let Assumption S2 hold.
Then, as N, T, K, L tend to infinity such that KL/(NT) tends to zero, we have:

- 1 1 1 KL . 2 1
— -1 . —= d -
6=0p+H ' E si+0, <T+N+NT> +0, (K i+L A) +o, (\/W) .

1

Proof. The proof closely follows the steps of that of Theorem 2. Here we simply
highlight the main differences. Let § = = + + + K- i+ L . To show
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consistency, a key step is to show, for all § € ©:

"_0,05), (S20)

TN LT
> ok, 14, 0)
NT 4

where T(k, [, 0) denotes the mean of vy (@ (6, &y, Awo), ) in the intersection of groups

-~

ki=k and l,=1. Let: p(h,&,w,\,0) = Epohe. e mm—wrnr(Va(@(0, €, 1), 0)), and
let, for all i,¢,0: (;(0) = vit(A(0, &g, Mo), 0) — p(hi, Eig We, Mo, 0). Proceeding as

in the proof of Lemma A1l we have:

1 1 1
ﬁ; ||p(hi>€i0,wt,)\t0,9)||2 = Op (?) + Op (N) ‘

We thus only need to bound:

E

1 — o~ 1
W Z HC(ku lta 6) H2 :ﬁ Z Ek@ []Ehi,ﬁ,-o,’wt,/\to (Czt(e)lgzt(e))] )
it K,
where we have used that observations are independent across ¢ and ¢ given £, and
Ao, and Ky, denotes a mean in groups EZ = k and lAt = [. To bound this quantity,
we use part (v) in Assumption S2. We thus obtain (520).

Similarly to the proof of Lemma A2, we then show:

~

1 o~ _
7 {0 (1) —aio) +Ee o (v8) [Eena 05)] v} =0, (0, (521)
it

where we omit references to 6y and «9. The first key term is:

1 (0% -1 « a\— ~7 7
Ay = = 3 Be g (1) [Bepnn 03)] 7 (=08) ((—08) ou =3k 1))
it
where v is defined analogously to the proof of Lemma A2. To show that Az =

0,(0), we use that the (;(6y) are independent across ¢ and ¢, with zero mean

conditional on hy, ..., hx, wy, ..., wr, &y, and Ag.
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Let ), = v, (v3) " — Eg, a0 (v (v9) [Beone (v5)] !, The second key term is:

Z TVt ( ) aztO)
_ ﬁ Zt: w0 (o (B ) = o ) + % Zt: ws (@ 0) = o (ki 1))

where a(k,l) and o*(k,[) are defined analogously to the proof of Lemma A2. To
show that Bs = O,(9), we use that 7, = 7,05} are independent across i and ¢ with
zero mean given &g, Ag.

The final step, as in the proof of Lemma A3, is to show that:

PR 2
da(ki,l,00)  0a(0o, 0, M0) ||
o0’ o0’ =) 52

1
NT 2

it
The proof of (S22) follows similar arguments to the proof of Lemma A3. g

S2.3 GFE based on conditional moments

Assumption S3. (heterogeneity, conditional case)
There exist vectors &,y of fized dimension d, and v,y of dimension d,,, and functions

a and p Lipschitz-continuous in &, such that cg = (&) and g = (&0, Vio)-

Differently from Assumption 1, here p,, depends on an additional heterogeneity

component v,y, and by Assumption 2 the moment h; is only injective for ;.

Assumption S4. (regularity, conditional case)
(i) (Y, X!, &, Vi, 1Y) are d.d.d.; (Y}, X)) are stationary for all i; (v, 0) is
three times differentiable in both its arguments for all i,t; and © is compact,

the space for ayg is compact, and 6y belongs to the interior of ©.

(ii) N, T, K tend jointly to infinity; supe, ¢ [Be,=¢vio=v(lir(a, 0))] = O(1), and

0%0;1(,0) )
dada’

(€i(e, )] = o0, (1),

simalarly for the first three derivatives of £y, infe o0 Egio:&l,w:,,(—
is positive definite; and max; sup, g |(;(c, 0) — E¢

i05Vi0

and similarly for the first three deriwatives of ¥;.
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(iii) infe o Be,, e pmp(—LH0@O00Y o 0 BILST 0,6, €,0),0)] has a unique

mazimum at 0y on ©, and its matriz of second derivatives is —H" < 0;

020, (@(0,6,0),0
and supy w7 NT Zzt ||WM"2 Op(1).
920, (c,600)

924is(c00) \ || .
(iv) supg,, Hag"g 0= —¢(vec W)H SUPgaHag'|§ 0= —¢(vec #)H, and
Dty (@(6
Supge”ag |§ gEﬁzo 5( t(a( 20 )H are O( )
(v) Ep, h&Oif(az“(a(e 90 s twice differentiable with respect to h and &, with

first and second derivatives that are uniformly bounded in &, h € H, and

0 € ©; and ||Varp,—p¢, — £ (2620£)6) Nl = O(1), uniformly in &, h and 6.

Corollary S2. Let the conditions of Lemmas 1 and 2 hold. Let Assumptions
2,83, and S4 hold. Let K be given by (6), with v = O(1). Then, as N, T, K tend
to infinity such that T""% = O(N) we have:

0 = 6y+0, (%) +0, (\/%) . (S23)

Proof. Let 6 = % + % + K~4.* To show consistency, the key step is to show:

1
v

@(Ei,e)HQ _0,(), voeco. (S524)

Let, for all 0, h,&: p(h,&,0) = Ep,—p e, ,—e(vi(@(0,€),0)), and let, for all 4,0: (;(0) =
vi(@(0,&,0),0) — p(hi, 9, 6). One can show, using similar techniques to the proof
of Lemma Al, that: + >, HZ(EZ, 0)|I> = O,(X), and that this implies (524).°

We then show: ~ > w = 0,(), which will follow from:

NZ (@) — aw) = 0 (6). (525)

where from now on we omit references to 6y and «;9. We have:

—Z (a k) _aw):%va(&(E)—azo—i—v( )+ 0, (9),

4Note that if K = K is given by (6) with y=0(1), then K=0(T'2) and d= O(F+%
T'*% = O(N) then §=0(1).

®Note that, in the case of Theorem 1 (i.e., in the absence of additional heterogeneity vg),
the left-hand side in (S24) is Op(%).

), so if

2‘ ol
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where a(k) and v(k) are as in the proof of Lemma A2; that is, denoting w; = (—v"),
we have a(k) = w(k)'wa(k) and (k) = w(k) 'v(k).

Let v,(hi) = En,(vi), Cq’ = v; — Vp(hi)s Yo(hi) = En,(wi), (i = wi — 7, (i),
Yoo (hi) = Ep, (v?), and ¢ = v — ,0(h;). First, we have:

where for example 7, (k) is the mean of v, (h;) in group k; = k, and we have used

that & 37, [T (R |12 = O,(5/N), & 3, [T (R |2 = O,(5/N), and & 3, s> =
0,(1/T). Moreover:

o S T )0 = 5 3 7o (), ) + 040,
where we have used that + >, 1" (k)12 = O,(K/(NT)). Lastly, we have:
3 T BT R0 = 5 3 )49
Y [w (k)7 )™ = o () v ()| 7 (o),

where the first term is O,(9) since it is a mean of i.i.d. terms with mean O(1/7") and
variance O(1/T), and the second term is O,(0) since + > . [|h; — h(k)||? = 0,(9)
and the v functions are Lipschitz-continuous.

Second, let v/w; ' = n(h;, &) + €;, where Ep,_p ¢ —¢(e;w;) = 0. We have:

%va (a( aw) NZn hiy €0)w; ( alo> Zelwl ( Ozw) ,

where the first term is O,(6) since ~ >, [|hi — n(k)|? = 0,(0), > 1€ —
EE|Z = 0,(6), < > lla( k) — awl> = 0,(8), n is Lipschitz-continuous, and
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w; is uniformly bounded (as in the proof of Lemma A2), and the second term is:

where we have used that the (e;w;)’s have zero mean given hy, ..., hy, &, -, Eno
with bounded conditional variance, and + >, ||W(/k\z)||2 = O,(K/N) = 0,(0).
 (6(@(F;,0).0) = (:(@(6.£,0).6)) = 0,(1). we use

similar arguments to the proof of Lemma A3.5 g

Finally, to show: + >,

i 8989’

Example: a linear homoskedastic model. Consider the model Y;; = X0+
;0 + Uy, where X;; are scalar and U, are i.i.d. with mean zero and variance
o? given X;1, ..., Xir, cvio. Let 0 be the GFE estimator based on a moment h;, =
(o) + €; that satisfies Assumptions 1 and 2 for §,; = «4o; that is, h; is only
informative about ayg, but not about the heterogeneity in X;. Let (ZX =X, -
Ep, (X5), € = ay — By (asp), and (Y = U; — By, (U;). We assume that K is large
enough for the approximation error to be of smaller order, and that K/N tends
to zero, as in Corollary 2. Under appropriate conditions in the regression model,
using similar arguments to the proof of Corollary S2 (though with no need for
any restriction on the relative rates of N and T'), one can show that 0 admits the

following expansion:

H=0y+

¥+ D) + w7 > i (Xt — X)) (U —U,) 1 1
s v a) e )
(S26)

Notice two differences between (S26) and the expansion of the FE estimator: the
presence of Var(¢;") in the denominator, and the presence of + > ¢X (¢ + ¢Y)
in the numerator. In addition, notice that (S26) simplifies to the expression in

Corollary 2 in the absence of additional heterogeneity v/.

6 Although the arguments are as in the proof of Lemma A3, the target log-likelihood is different
since here @(0, ;) only depends on &4, not on (£, v})’". In particular, the matrix H" in
Assumption S4 differs from the matrix H in Assumption 3; see (526) for an example.
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S3 Simulations

Model of wages and participation (see (2)). We model the initial condition
as: Yio = 1{u(ao) > ¢(1;6p) + Uy}, with Uy standard normal, independent of
a;o. We set ¢(0;6y) = 0 and ¢(1;600) = —1. We set ;o and Vj; to be independent
standard normals. In the simulations based on models (2) and (3) we weight the
moments by the share of between-i variance to total variance.” To compute the
variance XA/h to set the number of groups in this dynamic model, we use a Newey-
West expression with one lag. Lastly, for kmeans computation we use Lloyd’s
algorithm with 100 random starting values. Table S1 shows additional simulation

results for this model.

Probit model with time-varying heterogeneity (see (3)). The U;’s are
standard normal independent of the X;;’s and the a;;p’s. The data generating
process (DGP) for the scalar covariate is: Xy = ;9 + Vi, where Vi, are ii.d.
standard normal independent of the Uy’s, aus’s, and p;,0’s, and pi;,0 = g We
set 0p = 1, and set &, and Ay to be i.i.d. Gamma(l,1) draws, independent of
each other. Table S2 shows additional simulation results for this model, includ-
ing for the two-way GFE estimator based on both the cross-sectional moments

(%>, Y, = >, X;1)', and the individual-specific moments (Y, X;)'.

Conditional moments: an example. Consider the following probit model:
Yie = 1{X/,0p+io+U;; > 0}, where the U;; are i.i.d. standard normal independent
of the X;;’s and «;g, and 6, is a vector of ones. The DGP for the k-th covariate
is: Xyr = {0, + View > 0}, where Vi are i.i.d. standard normal independent of
the Uy’s, auo, and the p,q,’s, and oo and the p,,,’s follow independent standard
normals. We vary the number of covariates between 1 and 3, so the total dimension
of heterogeneity varies between 2 and 4. In this model, we expect the bias of FE

to be moderate given the time horizon we consider (7" = 20), since ;g is scalar

"Specifically, we demean and rescale h; so that all its components h;; have zero mean and unit

. . S hi— 2 Y (hive—hie)? .
variance, and multiply each component h;; by: max LT > I ,0]. Using equal
il

weights instead has small effects in these simulations, however we observed that this particular
weighting can improve performance when some moments are substantially less informative about
the heterogeneity than others.
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and FE is a conditional approach. The question we ask here is how much the
use of conditional moments can help reduce the bias of GFE due to the presence
of additional heterogeneity in the covariates and the increased dimensionality of
heterogeneity (see Subsection 4.2).

Consider first using h; = (Y, 7;)’ as moments. In Table S3 we show the biases,
standard deviations, and root mean squared errors of FE and GFE among 1000
simulations, for N=1000 and T=20. In the top panel we report GFE estimates as
a function of the number of groups K. We see that, while the bias of GFE remains
moderate with one covariate, the bias increases substantially with the dimension
of heterogeneity, in agreement with our theory. By comparison, the bias of FE in
the bottom panel is indeed quite small, and it only increases moderately with the

number of covariates.

The situation is rather different when using conditional moments in GFE.
In the middle panel in Table S3 we show simulation results for GFE based on
covariates-specific conditional means Y (z) = S, 1{ Xy = 2}Vi/ S, 1{Xi =
x}. Importantly, in large samples these moments are only informative about o,
not f,;,. We see that the bias of GFE with conditional moments increases only
moderately with the number of covariates, and that FE and GFE with conditional
moments have comparable — and quite small — biases.

Regarding implementation, note that, for a given i, all moments Y;(z) may
not be available since i’s covariates may never take the value x in the sample. In
Table S3, whenever Y;(z) is not available, we set the moment to an imputed value,
the overall conditional mean Y (z) = Do WX = 2}/, , 1{ Xy = x}. The
imputation does not affect the theory, provided the event that any of the Y;(x)’s
is not available tends to zero with probability approaching one in large samples.®
Moreover, we have obtained similar results using an alternative conditional first

step implementation that does not rely on imputations.”

8To provide intuition in a simple case, suppose that X;; are binary, i.i.d. over time given i,
with Pr(X;: = 1| ;0 = 1) € (6,1 —¢) for all p, for some € > 0. Then Pr(3i : X;1 = ... = X;p =
0) < N(1 —€)T, which tends to zero whenever (In N)/T — 0.

9This implementation is as follows. Let I;(z) be the indicator that there exists a ¢ such that
Xt = z, and let x1, ...,z denote the points of support of X;;. In the first step, we use a

Lloyd’s-like algorithm to minimize the function Zivzl Z%zl Ii(zm) (Yi(@m) — 9(zm, ki))z, with
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Table S1: Model (2) of wages and participation

T

10
20
30
40
50

5
10
20
30
40
50

Bias  std RMSE se/std Bias std RMSE se/std
GFE, n=1 FE, n=1
-0.570 0.068  0.573 1.082 -0.835 0.064 0.837 1.066
-0.207 0.040 0.211 1.003 -0.418 0.040 0.420 1.041
-0.088 0.027 0.092 0993 -0.209 0.026 0.211 1.064
-0.055 0.023 0.060 0.960 -0.140 0.023 0.142 0.991
-0.040 0.019 0.044 1.000 -0.105 0.019 0.106 1.034
-0.031 0.017 0.036 0.982 -0.084 0.017 0.086 1.022
GFE, n=2 FE, n=2
-0.519 0.063 0.523 1.052 -0.876 0.068 0.879 1.063
-0.163 0.043  0.169 0.985 -0.442 0.041 0.444 1.070
-0.049 0.031 0.058 0.929 -0.225 0.028 0.227 1.042
-0.032 0.024 0.040 0964 -0.153 0.022 0.154 1.068
-0.019 0.020 0.028 0.981 -0.113 0.019 0.115 1.045
-0.015 0.019 0.024 0.944 -0.091 0.018 0.093 1.000

Notes: 1000 simulations, N = 1000.

of standard error estimates across simulations,

“RMSE” is root mean squared error, “se” is the average

“std” is the standard deviation of the estimator

across simulations. n is the risk aversion parameter.

respect to ki, ..., kx and g(x1,1), ..., g(aar, K).
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Table S2: Probit model (3) with time-varying heterogeneity
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Notes: See notes to Table S1. IFFE is interacted fized-effects with one factor. o is the substitution

parameter.
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Table S3: Probit model with binary covariates

10
20
30
40
20

10
20
30
40
20

Bias

-0.362
-0.275
-0.206
-0.166
-0.136
-0.116

Cond.

-0.111
-0.100
-0.075
-0.061
-0.050

std RMSE
GFE, 3 covariates
0.042 0.365
0.035 0.278
0.033 0.209
0.032 0.169
0.033 0.140
0.033 0.120
GFE, 3 covariates
0.039 0.117
0.044 0.109
0.045 0.087
0.043 0.075
0.042 0.065
0.041 0.057

-0.040

FE, 3 covariates

Bias std RMSE
GFE, 1 covariate
-0.189 0.029 0.191
-0.083 0.027 0.088
-0.017 0.029 0.033
0.006 0.029 0.030
0.018 0.029 0.035
0.026 0.030 0.039
Cond. GFE, 1 covariate
-0.060 0.035 0.069
-0.045 0.033 0.056
-0.015 0.034 0.038
0.008 0.036 0.036
0.025 0.035 0.043
0.034 0.035 0.049
FE, 1 covariate
0.062 0.031 0.069

Bias std RMSE
GFE, 2 covariates
-0.293 0.031 0.295
-0.205 0.032 0.207
-0.118 0.030 0.122
-0.081 0.030 0.086
-0.056 0.030 0.064
-0.040 0.031 0.051
Cond. GFE, 2 covariates
-0.085 0.037 0.093
-0.073 0.043 0.085
-0.046 0.037 0.059
-0.031 0.036 0.047
-0.020 0.037 0.041
-0.012 0.036 0.038
FE, 2 covariates
0.074 0.034 0.081

0.088

0.039

0.097

Notes: 1000 simulations, N = 1000, T' = 20. In the top panel we show GFE estimates based

on unconditional moments for different K wvalues, in the middle panel we show GFE estimates

based on conditional moments for different K wvalues, in the bottom row we show FE estimates.
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